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Introduction

C HARACTERIZING full unsteady flow around a body is
fundamentally different from characterizing steady flow.

Steady flow is characterized through experimentally obtained
hydrodynamic derivatives. Using the hydrodynamic derivatives,
hydrodynamic loads are expressed in terms of, for example, a
freestream velocity U1, an angle �, and an angular rate _�. The
corresponding full unsteady problem cannot employ hydrodynamic
derivatives. Evenworse, initial conditions are required at every point
in the flow to predict how a full unsteady flow evolves. In physical
practice, this is beyond the current state of the art and will likely be
beyond the state of the art for years to come. Therefore, the question
arises whether there is another way to characterize full unsteady flow
and the corresponding hydrodynamic loads.

It is well known that hydrodynamic loads are influenced greatly by
the locations of the stagnation lines and the separation lines of a flow.
In steady analysis, the Kutta condition prescribes where a flow
separates, which in turn helps predict a hydrodynamic load. In fact, it
was experimentally demonstrated in two-dimensional problems
[1,2] that different flows that happen to produce the same nodes
(separation and stagnation) will produce essentially the same
hydrodynamic load, and this property was experimentally shown to
apply to unsteady flow as well. This phenomenon appears to result
from the mathematical nature of the flow’s velocity distribution
around a body. The velocity distribution is a smoothly varying
function that is determined up to a multiplicative constant by its
nodes. This property, referred to in this Note as the Kutta principle,
would hold when the flow varies continuously as described, whether
steady or unsteady. This Note develops a mathematical argument in
favor of the Kutta principle and suggests that the hydrodynamics
community should consider the Kutta principle as a strategy for
characterizing full unsteady flow.

This Note begins with the development of a nodal theorem for
estimating hydrodynamic loads. The nodal theorem provides a set of
idealized conditions under which the hydrodynamic load is uniquely
determined by the nodes. In practice, these conditions are not met
exactly, but can be approximated. The remainder of the Note
develops approximation methods. Note that the extrapolation of

critical information from the nodes of a distribution, although not
practiced in the hydrodynamics community, has been successfully
exploited in other communities (e.g., [3]).

General Flow over a Body

At any given instant, the hydrodynamic pressure at a point P on a
body depends on the velocity v�P�. The hydrodynamic load is
determined by the pressure and therefore by v�P�. The nodes of v�P�
are points or lines depending on the formulation or the physics. In
planar problems in which only cross sections of flow are being
considered and hydrodynamic loads are being examined on a per-
length basis, the nodes are points. The nodes are also points in some
three-dimensional attached flows, such as in the case of the flow
around a sphere. Otherwise, the nodes are lines.

Nodal Points

Wefirst consider the case of nodal points. The locationsP1; P2; . . .
on the body for which v�P� � 0 are called nodal points. The
following point theorem for the Kutta principle uniquely determines
the flow from the nodal points.

Theorem 1: Let the speed v on the surface of a body be a linear
combination of the basis flows fvn�P�gNn�1. Also, take a reference
measurement of speed v0 � v�P0�, where v0 ≠ 0. The nodal points
are P1; P2; . . . ; PN�1. The flow is uniquely determined by v0 and
P1; P2; . . . ; PN�1.

Proof: Write v as

v�P; t� �
XN
n�1

vn�P�qn�t� (1)

where q1�t�; q2�t�; . . . ; qn�t� are coefficients. Evaluating Eq. (1) at
P0; P1; P2; . . . ; PN�1,

v0 �
XN
n�1

vn�P0�qn�t�

0�
XN
n�1

vn�P1�qn�t� � � � 0�
XN
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In matrix-vector form,
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Assuming that A is full rank,

q �A�11v0 (4)

The coefficients are uniquely determined by the locations of the
nodal points up to the multiplicative constant v0. It follows that v�P�
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is uniquely determined by the nodal points up to a multiplicative
constant. □

Experimental tests can characterize flow around a body on the
basis of Theorem 1. Tests are run for different sets of nodal points. In
a given run, one reference speed v0 is measured. In other flows that
have the same nodal points, the hydrodynamic loads scale as a
function of v0. In steady flow, hydrodynamic loads are proportional
to v20, in which case they scale by v20 [4].

Nodal Point Approximations

Theorem 1 is an idealization, because a flow is not an exact linear
combination of basis flows. Next, we consider the attached steady
flow around a cylinder [5]. This example is illustrative of a steady or

unsteady flow. The speed is v�
����������������
v2x � v2y

q
, where

vx � 1� R
2

r2
� 2R2x2

r4
� kRy

r2

vy ��
2R2xy

r4
� kRx

r2

and k prescribes circulation. On the surface,

vx �
1

R2
�2R2 � kyR� 2x2�

and

vy �
1

R2
x�kR� 2y�

In terms of �, vx � sin ��2 sin � � k� and vy �� cos ��2 sin � � k�.
The tangential component of velocity is

vt � vx sin � � vy cos �� 2 sin � � k

and the speed is v� j2 sin � � kj. Theorem 1 can be applied to the
tangential component of velocity (replacing v everywhere with vt).
The functions f1; sin �g form a basis from which vt is uniquely and
exactly determined by the nodal points P1 and P2.

In unattached flow, additional nodal points appear. The vortices
around the cylinder alternate in direction, and so the tangential
component of velocity on the surface is an oscillating function of �.
Assume N � 1 nodal points and consider the basis
f1; �; �2; . . . ; �N�1g of N � 1th order polynomials. The tangential
component of velocity is written in factored form as

vt � A
YN�1
r�1
�� � �r� (5)

where

A� vt��0�Q
N�1
r�1 ��0 � �r�

where �0 is the angle of the reference measurement. It is obvious that
Theorem 1 holds in the case of the polynomial set by simply
inspecting Eq. (5). Equation (5) also suggests a more general method
of approximating v from nodal points and nodal lines.

The factors in Eq. (5) can be viewed as the constraints cr��� �
� � �r � 0 (r� 1; 2; . . . ; N � 1) placed on the coordinate �. In terms
of x and y, the constraints are cr�x; y� and a second approximation of
the speed is expressed in the general form:

v�x; y� � A
YN�1
r�1

cr�x; y� (6)

The constraints cr�x; y� can represent straight lines that intersect the
circle at the nodal points. Denote the nodal points on the circle by
�xryr� (r� 1; 2; . . . ; N � 1). Then for straight-line constraints,

v�x; y� � A
YN�1
r�1
�R2 � xrx � yry� (7)

Nodal Lines

In three-dimensional flow, the speed is expressed, like Eq. (6), in
the general form:

v�x; y; z� � A
YN�1
r�1

cr�x; y; z� (8)

The constraints cr are now surfaces. The surfaces intersect the body
at nodal points or cut through the body along curved nodal lines. The
speed on the body, when expressed in this form, is uniquely
determined by its nodes up to amultiplicative constant, such as in the
case of Theorem 1.

Consider attached steady flow around a sphere. The speed is

v�
���������������������������
v2x � v2y � v2z

q
, where

vx � 2� R
3
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r2
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Rz

r2
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r2
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Rz

r2
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Ry

r2
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Rx
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and kx, ky, and kz prescribe circulation about the x, y, and z axes,
respectively. On the surface,

vx �
1

R2
�3R2 � 3x2 � R��kzy� kyz��

vy �
1

R2
��3xy� R�kzx � kxz��

vz �
1

R2
��3xz� R�kxy � kyx��

The � and � components of velocity are

v� ��vx sin �� vy cos ���3 sin � � kx cos� cos �
� ky cos� sin �� kz sin�

v� � vx cos� cos �� vy cos� sin � � vz sin�� 3 cos� cos �

� kx sin �� ky cos �

The speed is v�
����������������
v2� � v2�

q
. The constraints cr�x; y; z� can represent

flat planes that intersect the sphere at the nodal points xr, yr, and zr
(r� 1; 2; . . . ; N � 1). For flat-plane constraints that intersect at
nodal points,

v�x; y; z� � A
YN�1
r�1
�R2 � xrx � yry � zrz� (9)

Illustrative Examples

Consider first the cylinder and then the sphere. Figure 1 shows the
flow around a cylinder for k��1:75,�1:00, 0, 1.00, and 1.75. The
flow was measured at the top of the cylinder (�0 � 90 deg). The
middle column compares the exact vt��� with the polynomial
approximation of Eq. (5). For improved accuracy, an eighth-order
polynomial was used that has zeros at �1 � j360 deg and �2 �
j360 deg (j��1, 0, 1, and 2). The right column compares the exact
v��� with the constrained method of Eq. (7).

Figure 2 shows the flow around a sphere for kz ��1:75,�1:00, 0,
1.00, and 1.75. The flow was measured at the top of the sphere. The
right column compares the exact v��; �� with the constrained
approach of Eq. (9).
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Fig. 1 Approximating v��� over a cylinder: exact (solid) and approximate (dashed).
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Fig. 2 Approximating v��� over a sphere: exact (solid) and approximate (grid).
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Referring to Fig. 1, the eighth-order approximation shown in the
middle column is more accurate than the constrained method shown
in the right column. The errors in both approximations are larger
when the nodal points in the flow are close to themeasurement point.
It appears to be best to measure the flow away from the nodal points.
Figure 2 shows similar results. The approximation is best when the
measurement is away from the nodal points.

Conclusions

This Note developed a mathematical argument in favor of the
Kutta principle. The Note then showed two methods of
approximating the velocity distribution of a flow that has been
specified by its nodes. The method contained in this Note is a
potential strategy for characterizing full unsteady flow. The Kutta
principle could be applied in testing or even in onboard control
problems. For example, using the Kutta principle, a method of
sensing the locations of nodal lines could be developed to obtain a
real-time estimate of the hydrodynamic load. The estimate could be
integrated into the control system for more efficient navigation or to
prevent vehicle instability. Such an estimate would also make it
possible to develop stable vehicles that can maneuver rapidly.
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